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Abstract
For low values of the viscosity coefﬁcient, Burgers equation can develop sharp discontinuities, which are difﬁcult to simulate in a
computer. Oscillations can occur by discretization through spectral collocation methods, due to Gibbs phenomena. Under a dynamic
point of view, these instabilities are related to bifurcations arising to the discretized equation. For different values of discretized
points, herein a study is performed of the dynamics and bifurcations occurring in the spectral solutions of Burgers equation with
symmetry. Several phenomena are observed, from limit cycles, strange attractors to the presence of bistability with two periodic
attractors, with a periodic attractor and a strange attractor and with two strange attractors. Also, other stable equilibrium points can
occur, diverse from the ones corresponding to the solution of Burgers equation.
© 2006 Elsevier B.V. All rights reserved.
MSC: 35B40; 37D45
Keywords: Burgers equation; Spectral methods; Dynamical systems; Bifurcations
1. Introduction
Burgers equation [2,9,18] can be considered as an approach to the Navier–Stokes equation, since both contain
nonlinear terms of the same type and higher-order terms multiplied by a small parameter. However, Burgers equation
used for high Reynolds number, or equivalently, for small values for the viscosity coefﬁcient = 1/R, develops waves
with sharp slopes, leading to the appearance of discontinuities for values  → 0. Such discontinuities are the cause
of difﬁculties that arise in obtaining a solution, a fact that led several authors to propose several numerical solutions
[19,12,6,10,13,15,16].
An important problem in nonlinear dynamics is to understand how the asymptotic properties of a dynamical system
evolve when one or more parameters are continuously changed. By varying one parameter the resulting system may
or may not remain topologically equivalent to the original one. If not, there is a qualitative change of the system
and a bifurcation occurs. Dang-Vu and Delcarte [3] provided numerical studies of Burgers equation, by Chebyshev
collocation and Chebyshev Tau spectral method [1,14,17], ﬁnding out a critical value of the viscosity  at which a
Hopf bifurcation takes place and a periodic orbit around the critical point arises, with frequency given by the absolute
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value of the imaginary part of the pair of complex eigenvalues at the critical point. As  continued to decrease they
found out that the limit cycles lose their stability and a trapping region was obtained, i.e., a bounded region of phase
space to which all sufﬁciently close trajectories from the basin of attraction were asymptotically attracted. The positive
values found for the largest Lyapunov exponent provided support for the existence of chaotic motion. Interpolating the
solution in N +1 points, numerical studies were made for N =16, 20 and 24, but it was referred that the same behavior
was repeated for higher values of N .
In this paper the stability, bifurcation and dynamics of spectral collocation methods applied to Burgers equation
is studied, where the unknown solution of the differential equation is expanded as a global interpolant. The Tau and
Galerkin methods are alternatives to the collocation method, but the latter is typically easier to implement, particularly
for nonconstant coefﬁcients or nonlinear problems.
Besides the chaotic motion found by Dang-Vu and Delcarte [3], arising from the loss of stability of the periodic
orbits arising from Hopf bifurcation, other phenomena were observed.
In fact, the existence of a strange attractor for lower values of , before the dynamics become unbounded, besides
the one observed by Dang-Vu and Delcarte was observed [3].
Also, bistabilitywas observed,whichmeans the coexistence of twoﬁnal states, attractors, for a given set of parameters.
Multistability or, in particular, bistability behavior is found in a variety of systems from different disciplines of science,
like semiconductor physics, chemistry, neuroscience and laser physics. The long termbehavior of such systems becomes
more involved, because a nontrivial relationship between these coexisting asymptotic states and their basins of attraction
may exist. Given the initial conditions, it is not clear at which attractor the dynamics will ﬁnally settle down. In this
case, both the coexistence of two periodic attractors, a periodic and a strange one, and even two strange attractors were
observed.
Also, for different degrees of freedom, some differences were noticed. The main difference found when there was
an odd number of degrees of freedom (with N even) and when there was an even number of degrees of freedom (with
N odd) was that all the motion in the periodic and strange attractors, in the ﬁrst case, was restricted to the invariant
subspace of the example studied, while in the second case, this did not happen. This was more evident for values of x
away from the boundaries. Also, for larger values of N longer transients were observed.
The positive values yielded by the largest Lyapunov exponent for the strange motions observed provide evidence of
chaotic attractors.
The following Dirichlet problem with homogeneous boundary conditions for Burgers equation is considered:
u
t
+ uu
x
= 
2u
x2
+ f (x), −1x1. (1)
The following equation with N − 1 degrees of freedom is obtained by discretization of Eq. (1) with N + 1 points xj ,
0jN , by Chebyshev collocation method
dui
dt
= −uiD(1)u + D(2)u + f (xi), 1 iN − 1, (2)
where u1 = u(xN−1, t), u2 = u(xN−2, t), . . . , uN−1 = u(x1, t), u = [u1, u2, . . . , uN−1]T and D(i), 1 i2, are the
Chebyshev differentiationmatrices of order i. The problem is then reduced to a system of ordinary differential equations
of order N − 1.
The function f (x) was chosen in such a way that a symmetric invariant subspace exists, so that all the phenomena
observed could appear easier [8,7]. One chosed the same example exhibited in [3] with f (x)= sin(x)[cos(x)+],
so that an asymptotic solution is given by u(x, t)= sin(x). In this case both Chebyshev and Fourier spectral solutions
admit a symmetric invariant subspace with f (xi) = −f (xN−i ). So, the differential system (2) obtained by Chebyshev
discretization of Burgers equation has an invariant subspace given by
ui = −uN−i , 1 iN − 1. (3)
For this study, Chebyshev collocation method is considered, with low and higher values of N , such as N = 16, 17,
50 and 51. The tools used to perform this study were MATLAB [11] and MATCONT [4,5].
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Fig. 1. Equilibrium solutions for Chebyshev spectral solution of Burgers equation for N = 16. HP represents the point where the Hopf bifurcation
takes place. BP represents a branch point. FP represents a fold point. The bold segments represent the stable solutions.
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Fig. 2. N = 16. Bistability for = 0.007, with two stable periodic orbits.
1.1. Dynamics for N = 16
In this case the Dirichlet problem admits an odd number of degrees of freedom. Fig. 1 shows the equilibrium solutions
as a function of u4, where HB represents a Hopf bifurcation, BP branch points and FP fold points. The bold segments
represent the stable critical solutions.
As the value of  is decreased, a supercritical Hopf bifurcation takes place at H  0.007638903 and simultaneously
the stable asymptotic solution loses its stability, and a stable periodic orbit appears. The period of such orbit at the onset
of the bifurcation is  4.1991798. As a stable limit cycle emerges, the bifurcation is supercritical. Eventually, the limit
cycle arising from the Hopf bifurcation loses its stability at   0.006867718 where a Neimark–Sacker bifurcation
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Fig. 3. N = 16. Bistability for = 0.0061, with a periodic orbit and a strange motion.
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Fig. 4. N = 16. Strange attractor for = 0.00575.
occurs; indeed there is a conjugate pair of complex multipliers with modulus equal to one. After this point the cycle
becomes unstable.
Before this limit cycle loses its stability, one ﬁnds the coexistence of another stable periodic orbit for 0.007373201.
The two periodic orbits can be seen in Fig. 2, projection onto the u4.u7 space, the new one being the orbit with an
eight shape. This phenomenon is called bistability, i.e., the coexistence of two attractors for a given set of parameters,
depending the asymptotic trajectories on whose base of attraction the initial conditions belong. When this new periodic
orbits loses its stability which happens at   0.006727808, the periodic solution becomes a strange attractor. Another
phenomenon of bistability is observed for some values of 0.006409616, where besides the strange attractor a new
asymptotically stable periodic orbit is observed as it can be seen in Fig. 3. The strange attractor disappears for a value
of   0.006.
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Fig. 5. Resume for the dynamics for N = 16.
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Fig. 6. Equilibrium solutions for Chebyshev spectral solution of Burgers equation for N = 17. HP represents the point where the Hopf bifurcation
takes place. BP represents a branch point. The bold segments represent the stable solutions.
As shown in Fig. 4 for values of 0.005801757 the periodic orbit loses its stability and a new strange attractor
arises.
For lower values of  the dynamics becomes unbounded.
Fig. 5 shows the resume of the dynamics described above.
1.2. Dynamics for N = 17
In this case the Dirichlet problem admits an even number of degrees of freedom. Fig. 6 shows the equilibrium
solutions as a function of u7. The bold segments represent the stable critical solutions.
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Fig. 7. N = 17. Bistability for = 0.0054, with two stable periodic orbits.
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Fig. 8. N = 17. Bistability for = 0.0047, with a periodic stable attractor and a strange one.
Decreasing the value of , a supercritical Hopf bifurcation takes place at H  0.0065513413 and simultaneously
the stable asymptotic solution loses its stability, and a stable periodic orbit appears. The period of such orbit at the
onset of the bifurcation is  1.0326709. Eventually, the limit cycle arising from the Hopf bifurcation loses its stability
at   0.004665232.
The coexistence of another stable periodic orbit is found for 0.006089687. The two periodic orbits can be seen in
Fig. 7, projection onto the u4.u7 space, the new one being at bold. When this new periodic orbit loses its stability, which
happens at   0.0048780813, the periodic solution becomes a strange attractor. Another phenomenon of bistability is
observed for some values of 0.0048780813, where the limit cycle that arose from Hopf bifurcation has not yet lost
its stability, so, a strange attractor and a stable periodic orbit coexist, as it can be seen in Fig. 8. The strange attractor
loses stability for a value of   0.00468.
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Fig. 9. Resume for N = 17.
0 1 2 3 4 5 6 7 80.85
0.9
0.95
1
1.05
delta
u
18
BP
BP
FP
BP
FP
HP
10-4
Fig. 10. Equilibrium solutions for Chebyshev spectral solution of Burgers equation for N = 50. HP represents the point where the Hopf bifurcation
takes place. BP represents a branch point. FP represents a fold point. The bold segments represent the stable solutions.
The limit cycle that arose from Hopf bifurcation loses its stability at   0.004665232, a branching point cycle,
bifurcating into two stable limit cycles. For lower values of , these two periodic orbits lose stability and a new strange
attractor arises before the dynamics become unbounded.
Fig. 9 shows the resume of the dynamics described.
1.3. Dynamics for N = 50 and 51
Long transients after the Hopf bifurcation have been observed. For N = 50 the equilibrium solutions found are
presented in Fig. 10. Equilibrium points asymptotically stable that are not solution of Burgers equation were found.
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Fig. 11. For N = 50, a spurious solution for = 0.0007, a value for the viscosity above the value for the Hopf bifurcation.
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Fig. 12. Dynamics for N = 51.
As an example, Fig. 11 shows a spurious solution for  = 0.0007.
Fig. 12 shows the scheme of the dynamics observed for N = 51. A new phenomenon of bistability with two strange
attractors was observed.
The positive values provided by the largest Lyapunov exponents for the strange motions observed provide evidence
of chaotic attractors.
2. Conclusions
For Chebyshev spectral solution of Burgers equation with symmetry several phenomena and bifurcation can be
observed for low values of the viscosity coefﬁcient. Besides the chaotic motion found by Dang-Vu and Delcarte [3],
which arose from the loss of stability of the periodic orbits arising from Hopf bifurcation, other phenomena have been
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observed. Existence of other strange motions, bistability with both the coexistence of two periodic attractors, a periodic
one and a strange one, and two strange attractors, were also observed. Also, for the example studied, for an odd number
of degrees of freedom, all the motion in the periodic and strange attractors was restricted to the invariant subspace, and
for an even number of degrees of freedom this did not happen. This was more evident for values of x away from the
boundaries. Also, for larger values of N longer transients were observed.
Also stable points were observed for values of the viscosity coefﬁcient above the Hopf bifurcation, which means
that spurious solutions can occur even when the value of viscosity coefﬁcient did not suggest it.
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